In 1975, Suzuki proved that prime decompositions of closed, connected surfaces in S3 are unique up to ambient isotopy if the surface bounds a 3-manifold whose factors under the prime decomposition all have incompressible boundary. This paper extends this result to surfaces in more general 3-manifolds, when there is a prime decomposition for which every factor of the surface is incompressible on one side.
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Abstract.
In 1975, Suzuki proved that prime decompositions of closed, connected surfaces in S3 are unique up to ambient isotopy if the surface bounds a 3-manifold whose factors under the prime decomposition all have incompressible boundary. This paper extends this result to surfaces in more general 3-manifolds, when there is a prime decomposition for which every factor of the surface is incompressible on one side.
In 1975, Suzuki proved in [7] that prime decompositions of closed surfaces in S3 are unique up to stable equivalence, and he also proved in [6] that this result could be strengthened to uniqueness up to ambient isotopy if the surface bounds a 3-manifold whose factors under the prime decomposition all have incompressible boundary. In [3] the former result was generalized to a large class of surfaces embedded in 3-manifolds. As a consequence of this and recent work of Scharlemann and Thompson [4] , it is possible to generalize the latter result as well.
We start with a review of notation and definitions which will be needed. The term surface will refer here to a pair (M, F), where F is a compact 2-manifold which is two-sided and properly embedded in a compact, connected 3-manifold M. A few special surfaces are a 2-sphere embedded in the 3-sphere (S3, S2), a disk properly embedded in a 3-ball (B3, D2), and an unknotted torus embedded in the 3-sphere (S3, T2). A connected sum of two surfaces, denoted (Mx, FX)#(M2, F2), is formed by choosing 3-balls Bx and B2 in the interiors of Mx and M2, respectively, such that (Bj, 5, n F{) = (B3, D2) for 1 = 1, 2, removing the interiors of the 5,, and gluing together the remaining manifolds along a homeomorphism
This operation is in general not well defined, even up to homeomorphism, since it depends on both the choice of the component of Ft which B, intersects and the choice of n from among four possible isotopy classes. For example, if (S3, F) is a knotted torus, then depending on the choice of h, one could make (S3, F) # (S3, F) either a surface which bounds a genus 2 handlebody or a surface which bounds the union of a knotted solid torus and a cube-withknotted-hole. A decomposition, or factorization, of a surface (M, F) is a representation of this surface as a connected sum (M,F) = (Mx,Fx)#(M2,F2)#...#(Mn,Fn), and the individual (Mt, F,) are called factors of the decomposition. A decomposition is nontrivial if no factor is (S3, S2); a surface (M, F) is prime if it is not (S3, S2) and its only nontrivial decomposition is itself; and a decomposition is a prime decomposition if all of its factors are prime. Standard arguments show that every surface other than (S3, S2) has a prime decomposition.
A stabilization of a surface (M, F) is a connected sum
), which may be viewed as a 2-manifold properly embedded in M. Two surfaces (Mx, Fx) and (M2, F2) are stably equivalent if there exists an (orientationpreserving) homeomorphism h:Mx -► M2 and a surface (M2, F) which is a stabilization of both (M2,F2) and (M2,h(Fx)).
A surface (M, F) is said to possess unique prime decompositions up to stable equivalence if, given two prime decompositions
where no (Mi, Ft) or (M\, F[) is an (S3, T2), it follows that m = n and, after reordering if necessary, for i = I, ... , n one has that (A/,-, Ft) and (M-, Fj) are stably equivalent. Note that the number of (S3, T2) factors in each decomposition is not necessarily the same (since stable equivalence does not imply equal genus).
The main result of [3] is that surfaces (M, F) have unique prime decompositions up to stable equivalence, provided that there is no nonseparating 2-sphere in M which is either disjoint from F or which meets F in a single simple closed curve, and that this result fails to hold in general if M -F contains nonseparating 2-spheres. The case where M contains nonseparating 2-spheres which meet F in a single simple closed curve remains open. The result of Suzuki in [7] is the special case where M = S3 and F is connected. In order to generalize Suzuki's other result [6] which gives full uniqueness of the prime decompositions, we must first describe the notions of Heegaard splittings of manifolds with boundary and maximal triads of surfaces.
A 3-manifold triad is a triple (M;BX,B2) where M is a compact 3-manifold; Bx and B2 are disjoint (possibly empty) compact 2-manifolds contained in dM; and dM -(Bx U B2), if nonempty, is homeomorphic to dBxxI with dBx = dBx x 0 and dB2 = dBx x 1. A compression body is a triad (W; d-W, d+W) with d+ W ^ 0, which has a decomposition into a collar of d+W together with 2-handles and 3-handles attached to this collar, and which furthermore has no 2-sphere components in d-W. From a dual point of view, a compression body has a decomposition into a collar of d-W, together with 0-handles and 1-handles attached to this collar. A compression body is a generalization of the notion of a handlebody and is in fact a handlebody if d-W = 0.
A Heegaard splitting of a triad (M; Bx, B2) is a surface (M, F) such that F is disjoint from Bx and B2, and F separates M into two compression bodies Wx and W2 where F = d+Wx = d+W2, Bx = d-Wx, and B2 = d-W2. This is equivalent to the classical definition of a Heegaard splitting in the case where M is closed. The Reidemeister-Singer Theorem, which says that any two Heegaard splittings of a closed 3-manifold are stably equivalent, generalizes to the same result for 3-manifold triads [2, Chapter 4] . We say that a triad has unique Heegaard splittings if it possesses some Heegaard splitting such that every other Heegaard splitting is either ambient isotopic to, or a stabilization of, this one.
Given a surface (M, F) such that M -F is irreducible, one forms the maximal triad T for (M, F) as follows:
(1) start with a bicollar of F in M, (2) add 2-handles along a "maximal" set of compression disks of F, (3) add 3-handles along sphere components of dT -dM, and (4) if any component of dT -dM is parallel to dM in M -F, then thicken it to the boundary. The process described above results in a triad (T; Bx, B2) for which (T, F) is a Heegaard splitting, dT -(Bx U B2) is contained in dM, and Bx and B2 are incompressible in M -Int T. It turns out [3] that maximal triads are unique up to ambient isotopy with F fixed, and that two surfaces (Mx, Fx) and (M2, F2) with Af, -F, irreducible are stably equivalent if and only if there is an (orientation-preserving) homeomorphism h:Mx -> M2 which maps the maximal triad of one surface to the maximal triad of the other.
In seeking to strengthen uniqueness up to stable equivalence to uniqueness up to homeomorphism for prime decompositions in special cases, we will consider corresponding (stably equivalent) factors from two prime factorizations, and also their homeomorphic maximal triads. One case that needs special consideration occurs when corresponding factors (A/,, F,-) and (M[, F[) do not have Mi -F, or M\ -F[ irreducible. However, it was shown in [3] that in this case either the 3-manifold factors are prime and F, and F[ bound 3-balls, or Af, = M\ = S3 and F, and F-are each a disjoint union of two 2-spheres. Either way, there exists an (orientation-preserving) homeomorphism n:(A/,,F)-»(A//,F/).
Theorem. Let (M, F) be a surface such that no nonseparating 2-sphere of M is disjoint from F or meets it in a single simple closed curve. Suppose that (M, F) has a prime decomposition such that every factor (Mj, Fj) satisfies one of the following:
(1) (Mi,Fi)*(S3,T2), (2) Mj -Fj is reducible, or (3) the maximal triad of (Mt, F,) has unique Heegaard splittings. Then this is the unique prime decomposition of (M, F) up to homeomorphism. Proof. Consider a second prime decomposition of (M, F). As was argued above, for every factor (Af,-, F,) with A/, -F, reducible, there exists an (orientation-preserving) homeomorphism n: (A/,, F,) -► (Af/, F/) to the corresponding factor of the second decomposition.
Next consider factors (Af,-, Ft) with Mt -F, irreducible and which are not homeomorphic to (S3, T2). Since the corresponding factor (Af/,F/) is stably equivalent, there exists an (orientation-preserving) homeomorphism h: M'j -> Af, which maps the maximal triad of one factor to that of the other. Since F, and hiFt') are Heegaard splittings of the maximal triad, which are not stabilizations since the factors are prime, and since the maximal triad has unique Heegaard splittings by hypothesis, it follows that F, and hiF/) are ambient isotopic in Af,. One may therefore assume without loss of generality that h(Fl) = Fi, and thus h: (Mt, F,) -»(M[, FV).
Finally, given the equivalence for these two types of factors, an obvious argument involving the Euler characteristic of F shows that the two prime decompositions have an equal number of (S3, T2) factors. □
The following is a summary of the 3-manifolds which are currently known to have unique Heegaard splittings; in most cases, the relevant triad for a 3- manifold Af is (M; 0, dM):
(1) S3 [8] , (2) Some additional comments should be made about a few of these cases.
The first two cases, S3 and S2 x Sx , are not relevant to the theorem which was stated above, since the only prime Heegaard splitting of S"3 is (S3, T2) and since a factor which is a Heegaard splitting of S2 x Sx would allow a nonseparating 2-sphere which intersects the surface in a single simple closed curve.
The seventh case, F2 x /, is a special case of the fourth and fifth cases, since F2 xl is a compression body. As a matter of fact, a standard technique used in the attempt to prove that compression bodies have unique Heegaard splittings is to cut the compression body along the cores of the 2-handles in some optimal 2-handle and 3-handle decomposition of the compression body, thus obtaining a manifold homeomorphic to d-W x I. One may then show that if d-W x I has unique Heegaard splittings, then the original compression body W also has unique Heegaard splittings. See, for example, [4, 2.7 and 2.12].
The sixth case is, in turn, a special case of the seventh, since every handlebody is homeomorphic to F2 x I for some 2-manifold with boundary F2 , where the handlebody will be orientable or nonorientable depending on whether F2 is orientable or nonorientable. However, the proofs in [1] and [8] do not take this point of view; they give a direct proof that orientable handlebodies have unique Heegaard splittings. Although these results were only stated for orientable handlebodies, their arguments work equally well for nonorientable handlebodies.
Some argument must still be made concerning the validity of the fifth case above, that a compression body W has unique Heegaard splittings if d-W has boundary. As already discussed, this may be reduced to the question of whether F2 x I has unique Heegaard splittings when dF2 ^ 0, whether F2 is orientable or nonorientable. As indicated above, there are two ways of regarding the compression body W as a triad, either (W; d-W, d+W) or (W; 0, dW), and thus there are two types of Heegaard splittings to consider for compression bodies. These correspond to two types of Heegaard splittings to consider for F2 xl. A Heegaard splitting of (F2 x I; F2 x 0, F2 x 1) will separate the triad into two compression bodies, and the boundary of the Heegaard splitting may be assumed to be dF2 x (1/2). A Heegaard splitting of (F2 x I; 0, d(F2 x I)) will be a closed surface which separates the triad into a compression body and an ordinary handlebody.
In the latter case, we are simply dealing with a handlebody H = F2 x I and, seeking its ordinary Heegaard splitting, that of the triad (H; 0, dH). As was already mentioned above, arguments given in [1] and [8] to show that this has unique Heegaard splittings are valid in both the orientable and nonorientable cases, although they were only explicitly stated for the orientable case.
We must still argue the case that (F2 x 7; F2 x 0, F2 x 1) has unique Heegaard splittings when F2 has boundary, whether F2 is orientable or nonorientable. In [4, §4] , when F2 is closed and there exists an arc y properly embedded in F2 x I which is vertical with respect to the Heegaard splitting in question (i.e., h \ y has no critical points where h is a Morse function corresponding to the Heegaard splitting), one proceeds as follows. Assume without loss of generality that y = x x I for some point x in F2. Select a set of simple closed curves in F2 which intersect only at the point x and cut F2 into a single polygon. Consider the union of annuli which is the product of these simple closed curves with I in F2 x I and cuts F2 x I into an object called G, which is the product of a polygon and I. The Heegaard splitting meets each vertical edge of G in exactly one point. The details of the proof take place primarily within G and are in no way dependent on the orientability of F2. The requirement of orientability is needed for other sections, when dealing with the case where the arc y is not vertical.
In the case we are currently concerned with, where F2 has boundary and may or may not be orientable, one may select a set of disjoint arcs in F2 which cut it into a single polygon. The disks which are the product of these arcs with I then cut F2 x I into the product of a polygon and I, in which the Heegaard splitting will meet each vertical edge in exactly one point. The remainder of the proof then proceeds exactly as in [4, §4] .
Applying the above results on unique Heegaard splittings for compression bodies, whether d-W is closed or not, yields the following generalization of Suzuki's result in [6] .
Corollary. Let (M, F) be a surface with M orientable such that no nonseparating 2-sphere of M is disjoint from F or meets it in a single simple closed curve. Suppose that (Af, F) has a prime decomposition such that every factor (Mj, Fj) satisfies one of the following:
(1) (Ml,Fl)^(S3,T2), ( 2) Mj -Fi is reducible, or
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use (3) Fj has no compression disk in Mj on one side. Then this is the unique prime decomposition of (M, F) up to homeomorphism. Proof. This follows from the preceding theorem and the realization that, for any factor (Af,, F,), if F, has no compression disk in Af, on one side, then its maximal triad will be a compression body (a thickened surface with 2-handles and 3-handles added to just one side), which will have unique Heegaard splittings. □
It remains an open question whether this result generalizes to the nonorientable case, since one needs to prove the following.
Conjecture. Nonorientable compression bodies with d-W closed have unique Heegaard splittings.
